In [3] problem D22 Richard Guy asked for the existence of simplices with integer lengths, areas, volumes . . . . In dimension two this is well known, these triangles are called Heron triangles. Here I will present my results on Heron tetrahedra, their connection to the existence of an integer box (problem D18), the tools for the search for higher dimensional Heron simplices and my nice embedding conjecture about Heron simplices, which I can only proof in dimension two, but I verified it for a large range in dimension three. 
2 Now we define: a Heron triangle is a triangle with integer sides and area.
Proposition 1.2 The perimeter of a Heron triangle is even.
Proof: Assume the perimeter is odd. Then all factors on the right hand side of Equation (1) are halves of odd integers, so the product is an odd integer divided by 16, which cannot be an integer. 2
Proposition 1.3 If the sides of a Heron triangle have a common factor t, then the area is divisible by t 2 , i.e. the triangle scaled down by factor t is also Heron. Furthermore the area of a Heron triangle is always divisible by 6.
Proof: It is sufficient to show this for t prime. For t = 2 it is obvious, for t = 2 consider the term s(s − a)(s − b)(s − c) modulo 4 and one gets that it can't be congruent 1. The second part can in a similar way be checked modulo 4 and 3. 2
Special types
Now I will give some examples for Heron triangles. There are two main classifications for triangles: {acute, right-angled and obtuse} and {regular, isosceles and generic}. So we first search for right-angled and isosceles Heron triangles.
Right-angled triangles
Right-angled triangles have to be Pythagorean but the reverse is also true:
Proposition 1.4 Any Pythagorean triangle is a Heron triangle.
Proof: The lengths of the sides are integer, so we only have to proof that the area is integer. For the area A holds A = ab/2, where a and b are the lengths of the catheti. Hence if A is not an integer then a and b have to be odd. But then follows a 2 ≡ b 2 ≡ 1 mod 4 and c 2 = a 2 + b 2 ≡ 2 mod 4 and that is not possible. 2
Isosceles triangles Proposition 1.5 Any Heron isosceles triangle is divided by the center line into two congruent Pythagorean triangles.
Proof: Using Proposition 1.2 we get that the basis must be an even number, say 2a. Let b the length of the arms and h be the length of the center line. Now we only have to proof that h is an integer. We get s = (2a + b + b)/2 = a + b and from the Heron formula
Remark: There is not intersection of this two classes -right-angled isosceles triangles don't have integer sides.
Embedding properties
The examples in the previous section show that some classes of Heron triangles can trivially be represented as lattice triangles. First we show the following weaker result. 
Proof: This formula can be found in a not so intuitive notation e.g. in [1] . 2
The Equation (2) gives also a criterion whether an tetrahedron exists with the given edges: Proof: As for triangles it is sufficient to show this for t prime. For t = 2, 3 it is obvious. For t = 2, 3 one have to proof that if the determinant on the right hand side of Equation (2) is the double of a square and all areas of the faces are integer (i.e. the right hand side of Equation (1) is a square) then it is divisible by 288. Because I have no elegant proof for that this was done by a "brute force" calculation modulo 9 and modulo 16 using a computer program.
The second part was done in a similar way by checking modulo 2 12 , 3 3 and 7 using a computer. 2
Special types
Like in the case of triangles there are some special types of tetrahedra.
Semi-regular or isosceles tetrahedra
For a tetrahedron the following properties are equivalent:
1. The opposite edges have the same length.
2. All faces are congruent (acute) triangles.
3. The perimeters of the faces coincide.
4. All faces have the same area.
5. All body heights have the same length.
6. The tetrahedron can be inscribed in a box (see Figure 1 ).
7. Two of the following three points coincide: the mass center, the center of the circumscribed and inscribed sphere.
8. The circumcircle radii of the faces coincide.
9. In all vertices the sum of the face angles equals π.
10. The net of the tetrahedron is a triangle with connected center points. . . . and much more. For a scheme of the proofs see Figure 2 . If one of these properties is fulfilled we call the tetrahedron semi-regular. I also found the name isosceles for that (e.g. on [4] , there are a lot of references), but I prefer the name semi-regular because these tetrahedra are "more regular than isosceles", at least I will show in Section 2.2.4 a generalization of isosceles triangles which fits better in this context.
Hence to get a Heron semi-regular tetrahedron one has only to take an acute Heron triangle and verify whether the volume is integer, and the volume can be calculated by 
Right-angled-vertex tetrahedra
The right-angled triangle can be generalized in two ways. The first type I will call right-angled-vertex tetrahedron: a tetrahedron where in one vertex O all angles are right angles (see left picture of Figure 3) . Let x, y and z be the lengths of these edges which ends in O. Then the area of the faces which contains O are automatically integer, and also the volume is integer. So there's only left to examine the lengths x 2 + y 2 , √ x 2 + z 2 and y 2 + z 2 , and the area of the face opposite to O. This area can easy be computed by Formula (1) as x 2 y 2 + x 2 z 2 + y 2 z 2 /2.
Proposition 2.4 There is a Heron right-angled-vertex tetrahedron if and only if there is an integer box
1 .
Proof: Let u = yz, v = xz and w = xy be the lengths of the box. Then the lengths of the face diagonals are x y 2 + z 2 , y √ x 2 + z 2 and z x 2 + y 2 , and the length of the body diagonal is x 2 y 2 + x 2 z 2 + y 2 z 2 . So we have an integer box.
Lets u, v and w the lengths of an integer box. Set x = vw, y = uw and z = uv. Then the lengths of the other three edges are u √ v 2 + w 2 , v √ u 2 + w 2 and w √ u 2 + v 2 , which are integers. The area of the to O opposite face is uvw √ u 2 + v 2 + w 2 /2 which is also an integer. 2
But: the problem of the existence of an integer box is an "notorious unsolved problem"( [3] , problem D18). Figure 3 ). Note that this condition is equivalent to all faces being right-angled triangles. Let's examine under which conditions this will generate a Heron tetrahedron. First all edges have to be integer, i.e. a 1 , a 2 , a 3 , a 2 1 + a 2 2 , a 2 1 + a 2 2 + a 3 3 and a 2 2 + a 2 3 . The faces are Pythagorean triangles, so their area is integer and the volume is a 1 a 2 a 3 /6 which is an integer (the product of the catheti is always divisible by 6). Now take a look to [3] problem D18 and you get to know that this problem is equivalent to find a nearly integer box, where only one edge is not integer. The smallest solutions (672, 104, 153) and (756, 117, 520) were known to Euler. Hence these solutions gives us the two smallest right-angled-face tetrahedra. See Appendix A.2 for more.
Isosceles-face tetrahedra
Like in the case of right-angled-face tetrahedra one can ask whether there are Heron tetrahedra which have only isosceles triangles as faces. One can find a combinatorical classification:
1. AB = AC = AD (such Heron tetrahedra seem not to exist), 2. AB = BC = CD and CA = AD = DB (such Heron tetrahedra don't exist: assume there is one, then from the classification of Heron isosceles triangles follows, that the two lengths are doubles of integer a and b with a 2 + u 2 = (2b) 2 and b 2 + v 2 = (2a) 2 . Adding this equations one gets
The last type I call isosceles-face tetrahedra. The nice analog to the twodimensional case is, that:
Proposition 2.5 Any Heron isosceles-face tetrahedron is divided by the center line into four congruent Heron right-angled-face tetrahedra.
Here the center line is the line which connects the center of AC with the center of BD. Figure 4 shows how to construct an isosceles-face tetrahedron from a rightangled-face tetrahedron and the decomposition of an isosceles-face tetrahedron into four right-angled-face tetrahedron (picture on the lower right). 
Intersections and compositions
Now we look for the intersection of this classes:
Here "g" means "not possible from geometric reasons" (remember that the faces of a semi-regular tetrahedron are acute), "r-i" means "not possible because there is no Heron right-angled isosceles triangle" and "o" stands for an open case. The existence of such tetrahedra is equivalent to the existence of non-trivial integer solutions of x 4 + y 4 = 2z 2 (i.e. other than x 2 = y 2 = |z|).
So these classes of Heron tetrahedra seem to be disjoint.
Finally let me make some remarks on other types of tetrahedra which may play a role in this context. If one looks at the table in Appendix A.3 one will notice that there some tetrahedra which have two isosceles triangles with common basis as faces. They are composed of two congruent tetrahedra where one edge is perpendicular to one face. (The construction is quite the same as shown in Figure 4 .) Using the embedding property of Heron triangles it's easy to see, that these types can be represented with integer coordinates, but this will be the topic of the next section.
Embedding properties
As in the case of Heron triangles the following weak result holds.
Proposition 2.6 A Heron tetrahedron can be represented with rational coordinates.
For the proof I refer to the general result in Section 3.3. 2
Conjecture 2.7 A Heron tetrahedron can be represented with integer coordinates.
Unfortunately I cannot prove this, but I verified this with the help of a computer for all the 9019 Heron tetrahedra (825 if multiples are omitted) with edge length up to 60000.
It is a special case of Conjecture 4.1 for n = 3.
3 Heron simplices
Basics
The most interesting thing is how to calculate the volume of a simplex if only the lengths of the edges are known. It is possible to generalize the Formula (2) to all dimensions. One can find a proof in the appendix to my dissertation [2] .
where A = (a ij ) i,j=0,...,n+1 is a (n + 2) × (n + 2)-matrix with a ij = A i A j 2 for i, j n and a ij = 1 − δ ij else. 
Special types
First of all: I don't know any example of a Heron simplex with dimension greater than three. So may be this section discusses the empty set. So the following seems to be only useful hints for searching Heron simplices.
Right-angled-vertex simplices
All face angles in one vertex are right angles. Then the vertices A 0 , . . . , A n can be represented as A 0 = 0 and A i = a i · e i , i = 1, . . . , n, where a i are positive integers and {e i } i=1,...,n is an orthonormal basis.
By the map x i = a
we get the lengths of a rational n-dimensional box and vice versa. So the existence problem is equivalent to the existence problem for a rational box in dimension n. But it's not known whether such boxes exists (see the problem in dimension three).
Right-angled-face simplices
All faces are right-angled triangles. Then we have a representation in Cartesian coordinates A 0 = (0, . . . , 0), A 1 = (a 1 , 0, . . . , 0), A 2 = (a 1 , a 2 , 0, . . . , 0) , . . . , A n = (a 1 , a 2 , . . . , a n ).
The edges have to be integer, so the numbers t i=s a 2 i for 1 s t n have to be square numbers. All areas, volumes, . . . are products of edge lengths divided by an integer depending on the dimension, so these are at least rationals, but we get integers by scaling. I don't know whether such sequences with n > 3 exists or are known. If one exists, then one of the generators of the Pythagorean triples has to be greater than 5320. Proof: I will show a little bit more: it is possible to embedded the simplex A 0 A 1 · · · A n such that for any i all but the first i coordinates of A i vanish.
Embedding properties
We do induction by dimension n. We only have the step from n − 1 to n left. Let the subsimplex A 0 A 1 · · · A n−1 be embedded as wanted. Let x (j) i be the ith coordinate of A j . Then the coordinates x 1 , . . . , x n of A n are determined by
2 )
and so on. Subtracting the first two equations one gets a linear equation in x 0 , subtracting the next two using the value of x 0 one gets a linear equation in x 1 , and so on. So all x i for i = 0, . . . , n − 1 are rational. The value of x n is the height of the simplex, but this is n times the ratio of volume of the simplex and the volume of the subsimplex A 0 A 1 · · · A n−1 which are integers. 
Embedding Conjecture
All the presented embedding properties are special cases of the following conjecture. Obviously for a given number n Conjecture 4.2 is equivalent to Conjecture 4.3 for all primes p.
All conjectures are trivial in the case n = 1. 
